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ME-221
SOLUTIONS FOR PROBLEM SET 4

Problem 1

Let’s define:

¥y =x1 + 23 — (U1 +u2) = fi(x,u)

.2 2 2 _

To =] — (23 — 1)" + 2120 — uy — ug = fo(z,u)
y1 = 21(1 + x2) + uy = g1(x, )

Yo = X1 + To — Uz = go(z, )

At the equilibrium point corresponding to u; = us = 1, the variables z; and Z, satisfy
the following relations:

O0=21+22—2

0=27 — (Tg — 1)> + 717y — 2

Solving these equations while taking the condition of z; > 0 and Zy > 0 (given in the
question) into account, we find that z; = z5 = 1.

We can linearize the non-linear system around the equilibrium point using the Jacobian
approach. After taking the partial derivatives of fi(z,u), fo(z,u), g1(x,u), and go(z,u) at the
equilibrium point, we obtain the A, B, C' and D matrices for the state-space representation.
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With these matrices the state model can be constructed as:

0t = Adx + Bou
oy = Cox + Diu

where 0r =z — 2, du =u —w and dy =y — ¥.
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We obtain the state-space representation of the linearized system:

021 = 0x1 + 0xy — duy — duny
0%y = 301 + 0y — 20U — dus
0y1 = 20x1 + dxg + duy

0ys = 61 + dxg — dus
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Problem 2

a)

Newton’s method By applying Newton’s 2nd law, we obtain the equation of motion:

ml%0(t) = —lsin(0(t))mg — acos(0(t))Fy + [F(t) (1)

With F; = kAx being the force applied by the spring, where k is the spring constant and
Az is the elongation of the spring. Given that § = 0 corresponds to the position at which
the spring is in its relaxed state, Ax = asinf.

We can therefore rewrite 1 as:
0(t) = —Zsin(0(t)) — Msin(@(t))605‘((9(15)) + iF(t) (2)

ml? ml
The state and input variables can be chosen as follows:
v =0, 15=0,u=F

This selection leads to the following state-space model:

T1 = X £L‘1(0) = to
2]{; 1

Ty = —%sinxl — %sinxlcosxl + %u 22(0) = wo

y=n

Lagrange’s method The same result can be obtained by applying Lagrange’s method.
The kinetic energy of the pendulum is:

T = %m(zéf (3)

The elongation of the spring is asin(f). Therefore the total potential energy can be
written as:

V= %k(asz’n(@))2 — mglcos(6) (4)

The Lagrangian is:

L=T-V= %m(ZQ)Q — %k(asm(ﬁ))2 + mglcos(0) (5)

We then calculate:
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i(a_L)_a_L_
dt* 9o 00

where M = [F' is the external moment applied to the system.
We get:

mi%0 + ka®sin(0)cos(9) + mglsin(0) = IF

f=— — —ksin(ﬁ)cos(ﬁ) - %sin(ﬁ)

b) The nonlinear model can be linearized for small rotations around the vertical position

(1 = 0). We then obtain the following linearized state model:

0 1 0
0% = g _ a’k g o ox+| 1 | du=
—70031’1 — W(—sm 1 + cos*ty) 0 o
oy = [1 O] ox

Withédrz =2z —Z, 0ou=u—uand dy =y — 7y
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Problem 3

a) The state variables, input and output can be chosen as follows:
rn=x,r9=2,u=1and y==x

We then obtain the following state-space model:

T =13 = fi(7,u)

L
T amir e - e

Y= = 91(%“)

I:ng

b) We can linearize the non-linear system around the equilibrium point using the Jaco-
bian approach. After taking the partial derivatives of fi(x,u), fo(x,u), and ¢;(z,u) at the
equilibrium point, we obtain the A, B, C' and D matrices for the state-space representation.

0 1 0
b= | Lu*  ow+ | Lu |
m(l —|—i’1)3 m(l +i’1)2
oy = [1 O] ox

Withdr =2 —Z,0u=u—uand dy =y — ¢
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Problem 4

Applying Newton’s second law we obtain:

mij = =b(y — i) = k(y —u)

my + by + ky = bu + ku

. bk b . k

y+—y+—y=—u+—u
m m m m

To take care of the input derivative term, we will use the variable change trick:

y+ a1y+ a2y = bou—f- b1U+ bgu

With:
b k b k
a = —, ag = —, b0:07 bl:_a bZ__
m m m m
And define:
Bo=1by =10
b
51251—%50:1?1:—
m

k b
B2 =0by — a1 — azfo = — — (—)2
m m
Now we have everything to obtain the state-space representation of the dynamical system.
x1 =y — Pou =1y
b

T2 :jcl—ﬁlu=5v1——u
m

) b
T =T + fiu = 22 + —u
m

To = — Q%1 — a1%2 + Pou
k b k b
=— —x — —Ty+ {— - (—)Q}U
m m m m
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